In nature, materials such as ferroelastics and multiferroics can switch their microstructure in response to external stimuli, and this reconfiguration causes a simultaneous modulation of its material properties. Rapid prototyping technologies have enabled origami and kirigami-inspired architected materials to provide a means for designing shape-shifting structures, and here we show how multistable structures inspired by kirigami provide novel design criteria for preparing mechanical metamaterials with tunable properties. By changing the geometry of kirigami unit cells, we obtain multistable kirigami lattice structures endowed with a bistable snap-through mechanism. We demonstrate the precise control of material stiffness, along with the ability to tune this property in situ by locally and reversibly switching the unit cell configurations. We anticipate these mechanical metamaterials will provide a platform to achieve in situ tunable electrical, optical, and mechanical properties for a variety of applications in multifunctional materials, two-dimensional materials, and soft robotics.
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Materials with reconfigurable architectrue may exhibit tunable electrical, optical, and mechanical properties. Notable examples are found in ferroelasticity [1] and multiferroics [2] . Applying an external stimulus, such as a stress/strain field, magnetic field, or electric field results in a structural or electronic phase transformation in the atomic scale which modulates the bulk material properties. While materials found in nature usually respond to one or two specific stimuli, recent investigations on reconfigurable and programmable architected materials provide another opportunity to attain tunable material properties by systematically programming the microstructure of a constituent material [3] [4] [5] [6] [7] [8] . The mechanical properties of these architected materials depend on the topology and geometry of the substructure, and are typically independent of the constituent's chemical composition. By introducing controllable morphological structures into the unit cell, reprogrammable and reconfigurable metamaterials can be achieved. Among various types of architected materials, kirigami and origami inspired metamaterials attracted tremendous attention due to their robust and straightforward ability to transform 2D sheets into 3D structures [3, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . However, compared with origami-inspired metamaterials, which have been extensively studied [3, 7, 8, [17] [18] [19] , understanding the behavior of kirigami structures is limited [9, 11, 13, [21] [22] [23] . Hence, there remains a significant opportunity to advance the design of kirigami-based metamaterials with tunable material properties.
In this study, through a combination of experiments, finite element simulations, and theoretical analyses, we demonstrate how a multistable microstructure inspired by kirigami provides a novel approach to designing mechanical metamaterials with tunable material properties. By changing the spacing between the adjacent slits in the conventional linear parallel cutting patterns, we obtain multistable kirigami lattice structures composed of repeating unit cells whose structure is energetically metastable with two local minima, thereby endowing it with a snap-through mechanism. Each local stable state is associated with a corresponding structural configuration. By applying an external perturbation, we can manipulate the unit to switch between the two stable configurations rapidly and reversibly. Furthermore, we showcase an in situ tunability of material stiffness using this multistable kirigami. We also demonstrate that the multistable kirigami mechanism is material independent and scale invariant, enabling it to be integrated with stimuli-responsive materials, 3D printing techniques, or combined with origami structures to be applied in multifunctional materials, two-dimensional materials, soft robotics, and biomedicine.
To demonstrate this concept, we utilized polyethylene terephthalate sheets (Dupont Teijin Film, McMaster-Carr) with Young's modulus E = 3.5 GPa, Poisson's ratio ν = 0.38 and thickness h = 0.127 mm. A variety of kirigami patterns can be represented by their unit cell. The unit cell geometry of the linear parallel cutting patterns is characterized by the cut or slit length ( c ), and the spacing between two adjacent slits along the transverse direction ( x ) and longitudinal direction ( y ), as demonstrated in Fig. 1a . These parameters can be combined and non-dimensionalized as c / x and c / y [9] to describe the two-dimensional geometry of the unit cell of a certain cutting pattern. For the sake of simplicity, we used a constant slit length and varied x and y to achieve a wide variation of the unit cell geometry. Note that every unit cell is symmetric about its longitudinal and transverse center line. The overall geometry of a test specimen was selected based on the ASTM D882 standard with a constant cut length of 15.2 mm (See supplementary method).
We performed a systematic set of experiments by varying the non-dimensional geometric parameters, c / x and c / y , both from 1.0 to 6.0 with an increment of 0.5 to investigate the structural configuration of the kirigami metamaterials via uniaxial tensile tests. As we quasi-statically increase the magnitude of stretch (0.1 mm/s), the deformation of the material continuously transitions from an in-plane deformation to an out-of-plane deformation at a critical point for all the specimens tested. As reported in the literature [13, 21, 24] , we identify the transition from the in-plane deformation to the out-of-plane deformation as buckling. The load triggering this transition is the critical buckling force and the corresponding deformation is referred to as the buckling configuration (See supplementary method for detailed measurements). In Fig. 1b , we construct a quantitative phase diagram to demonstrate the 3D lattice structures as a result of varying the 2D cutting patterns.
When c / x = 1, as shown in Fig. 1d , there is no material overlap between two adjacent slits along the longitudinal direction which leads to a weak interaction between slits in the array. In this case, individual slits create a geometric incompatibility, which results in an out-of-plane buckling of the sheet around the slit. Therefore, the buckling configuration is similar to that of the buckled sheet with one single slit reported in [24] . As we enhance the slit interactions by increasing c / x and c / y , the buckling configurations transitions from a symmetric mode (Fig. 1e) to an anti-symmetric mode (Fig. 1g ) through a coexistence mode (Fig. 1f) . When the deformed shape of the unit cell is symmetric about its transverse axis, it is referred to as symmetric configuration, while, when the deformed shape of the unit cell shows anti-symmetric about its transverse axis, it is referred to as anti-symmetric configuration. The antisymmetric mode is commonly observed and has been reported in the literature [9, [12] [13] [14] , while, here we systematically investigate the symmetric mode for the first time. Fig. 1h -k show the four typical deformation configurations using finite element analysis (FEA), which agrees qualitatively well with the experiments (See simulation in supplementary method).
What is significant about the symmetric lattices is that each unit cell is bistable, i.e. if the post-buckling configuration of a unit cell is symmetric, it can reversibly switch between symmetric and anti-symmetric configurations. In contrast, if the anti-symmetric configuration forms following buckling, it is monostable. Bistability appears when there are two distinct local energetic minima. If these minima are local but unequal in magnitude, the system is typ- ically referred to as metastable, as conceptually illustrated in Fig. 1c . To switch between these two distinct configurations as demonstrated in Fig. 2 , the transverse axis of symmetry of a unit cell acts as an elastic hinge allowing the bottom segment to rotate, which gives rise to a limit-point instability. We can trigger each bistable unit cell to switch reversibly by external perturbation such as mechanical indentation in our experiments (See supplementary video).
From the experiments, we note that when the elastic hinges are undeformed (anti-symmetric), they all stay in the same plane during the stretching process. Therefore, a tilting angle θ a will be used to describe the kinematics. However, when the elastic hinges rotate (symmetric), we observe that the elastic hinges are alternatively distributed on two adjacent parallel planes. Hence, two tilting angles θ o and θ s will be used to describe the kinematics. These observations are quantitatively validated using FEA simulation as shown in Fig. 2c-d . In addition, we confirm that this bistability is dictated by geometry and independent of material. As shown in Fig. 2E , with the same geometric parameters we reproduce the same 3D lattice structure on a much softer material (polyvinylsiloxane) whose elastic modulus is 10 4 times less than that of the polyethylene terephthalate sheets.
Next, we rationalize the existence of the bistable mechanism by considering the modes of deformation of a single cut in a sheet, which are described by their fundamental building block: the e-cone motif (excess angle cone) [25] . The unit cells shown in Fig. 2a , either in the symmetric or anti-symmetric cases, can be seen as the interaction of two neighboring e-cones. To better understand the stability of these unit cells, we utilize an approximate analysis that replaces the smooth bending deformations with sharp folds, thus creating mechanisms suitable for the analysis provided by the Gauss map [26, 27] . Given a fixed opening angle γ, a single e-cone may adopt two possible configurations, these being the symmetric and anti-symmetric building blocks of each unit cell. As shown in Fig. 3a-b , the Gauss map takes the normals along a path enclosing the source of gaussian curvature, the tip of the cut, and maps them to the unit sphere. For the sake of simplicity, we consider small enough folding angles so that the spherical images can be approximated to the flat geometry [26] , as depicted in Fig. 3b . It is known that the area enclosed in the spherical image is proportional to the gaussian curvature, and that this area is also numerically equal to the opening angle γ, which can be calculated from simple planar geometry given the parameters: a mountain folding angle φ m ( φ m ), valley folding angles φ v ( φ v ), and the angle between them α (β). Here we use the (·) and (·) notation to distinguish between variables within symmetric and anti-symmetric configurations, respectively. Since both symmetric and anti-symmetric configurations can be realized with the same amount of gaussian curvature (by ensuring that the spherical images enclose the same area), the energetic difference when comparing these two mechanisms must be at the level of bending energy. For these discrete systems, bending energies are accounted for A, B, C, D) . b) The spherical images of the Gauss map trace polygons on the unit sphere for each configuration (here shown in planar geometry, which is a good approximation to small folding angles). In this spherical image, the normals are mapped onto the vertices of the polygons, while edge sizes are the numerically equal to the folding angles (the angles between the flat planes). c) The symmetric unit cell has more symmetries than it counterpart anti-symmetric. This can be seen by drawing the symmetry planes SP-1 and SP-2. d) Experimental images showing symmetries in the symmetric and anti-symmetric unit cells with smooth bending.
by the energies stored in the folds, and they are proportional to the folding angles and the length of the folds. In Fig. 3c , the symmetric unit cell is shown, including two symmetry planes SP-1 and SP-2, while the anti-symmetric unit has a reduced symmetry given only by the plane SP-1. The minimal number of folds allowed by each state differs by one; the symmetric unit cell having four valleys and one mountain and the anti-symmetric unit cell having two valleys and two mountains. Hence, the bistability arises from the additional plane that the symmetric unit cell can bend about. This is the two dimensional analogue to the buckling of an Euler strut with one hinge versus an Euler strut with two hinges [28, 29] , where the former has one stable post-buckling shape, while the latter has two. In this classical problem, the minimum energetic state dictates that the two-hinge strut will buckle into a mode shape that is symmetric about the strut's center [28, 29] , which is consistent to what we observe in our experiments.
With this qualitative understanding of the origin of the unit cell bistability, we now aim to determine how the geometric parameters c / x and c / y dictate the postbuckling configuration by evaluating the deformation kinematics and strain energy in each configuration. For this analysis, we return to the smooth bending deformations observed experimentally. Projecting from the side (Fig. 2) , the out-of-plane deflection δ o , the undeformed plane (black dashed line) and the longitudinal center line (red solid line) forms a right triangle. The kinematic relation is calculated as δ o = y tan(θ s + θ o ) and δ o = y tan(θ a ) for the symmetric configuration and anti-symmetric configuration, respectively. The deformed unit cell with the symmetric mode can be viewed as four parallelogram plates under bending and two elastic hinges under rotation (see Fig. 3d and supplementary equations). By using the beam approximation for skew plate, we transfer the parallelogram plate into a beam with the width as y and the effective length as
Based on the experimental observation, the boundary conditions for the beam is taken to be clamped on both ends. When the stretching energy and torsion energy induced by the bending of the skew plate is negligible comparing with the out-of-plane bending energy, the total potential energy in the post-buckled unit cell can be expressed as Π = U b + U h − W , where, U b is the total bending energy of the parallelogram plates, U h is the total elastic hinge energy and W is the work done by the external tensile force. For the symmetric configuration, we find (See supplementary equations)
while for the anti-symmetric configuration, we find
Here, F is the applied tensile load acting on one single unit cell. The mode selection on the buckling configuration is determined by the competition between the bending energy (U b ) and the hinge energy (U h ) for given geometric parameters. To quantitatively interpret the buckling configuration selection, we utilize the energy ratio between the bending energy and the hinge energy as
In general, if the total bending energy consumed by outof-plane bending is significantly larger than the hinge energy, anti-symmetric will be selected, as it is at the lower energy state. In Eq. 4, the energy ratio depends on two geometric parameters,
2 ) 2 + 2 y will always be less than 1, to ensure U b is greater than U h , y / x has to be greater than 1. With the assistance of the phase diagram (Fig. 1b) , we report that when the geometric parameter satisfies both y / x < 1 and y /L e > 0.75, the bistable symmetric lattice is obtained. Since a pre-stretching load needs to be applied to produce the 3D lattice, to guide the rational design, we can calculate the critical buckling force (F cr ) by minimizing the total potential energy (Π) with respect to the tilting angles (See supplementary equations). For the symmetric mode, the non-dimensionalized critical buckling force is calculated as
And for the anti-symmetric mode, non-dimensionalized critical buckling force is calculated as
Note that from Eq. 6, critical buckling force for the antisymmetric mode only depends on y /L e . Whereas, critical buckling force for the symmetric mode depends on the combination of y /L e and x /L e . In Fig. 4d , we plot the non-dimensionalized critical buckling force as a function of y /L e for specimens with the geometrical parameters in a range of 2.5 < c / x < 5.0 and 1.5 < c / y < 5.0. Our theoretical prediction using Eq. 5 and Eq. 6 agrees very well with the experimental data. Here, since Eq. 5 is a function of both x /L e and y /L e , we impose a geometry constraint, c /L e = 1.5, to express x /L e in terms of y /L e (See supplementary equations).
From the perspective of strain energy, both the symmetric lattice and the coexistence lattice are in a state of metastability. The external energy required to cross the energy barrier between the two distinct lattice configurations are not equal and can be controlled by the unit cell geometry. This ability to tune the energy barrier between the two stable states by geometrical parameters provides an opportunity in design and fabrication of rapid reconfigurable structures and architected materials. As a result, the reconfiguration of material substructure may lead to modulation of its properties, such as stiffness, Possion's ratio, refraction, and transmittance.
Next, we demonstrate that by assembling the individual bistable unit cell into multistable mechanical metamaterials, we can develop a new strategy to achieve in situ tunability of the material stiffness. Fig. 4c demonstrate when transforming 100% of the unit cells from the symmetric configuration to the anti-symmetric configuration, the sample elongates approximately 5 times its original length. To generate a multistable lattice, we prescribe a load which is two times of the corresponding critical buckling force before the tensile test for each specimen. This pre-stretch is held constant in the experiments to measure the effective stiffness of the resulting structures. Fig. 4a -b demonstrate a two-step stiffness modulation from E 1 = 0.82 MPa (0% symmetric) to E 0 = 2.2 MPa (100% symmetric) through a step of 50% transformation (homogeneous along the longitudinal direction). By increasing the number of unit cells transformed, the stiffness can be precisely tuned between these upper and lower bounds. It is noted that any number of unit cells can be transformed between their symmetric and anti-symmetric configuration by selectively switching individual unit cells homogeneously or nonhomogeneously. For example, we can form two capital letters "BU" by selectively and nonhomogeneously transforming 15% of the bistable unit cells from symmetric configuration into anti-symmetric configuration. We also note that the strain-stress curve shows hysteresis response as a result of the phase transformation. This mechanical behavior is akin to the behavior observed with ferroelastic materials.
While the results demonstrated in Fig. 4a is only for the specimen with a specified geometry, further tunability can be achieved by altering the geometry of the 2D cutting patterns. Here, we quantify the tunability by using the stiffness ratio E 0 /E 1 , where E 0 and E 1 are the initial, effective stiffness of the nonlinear stress-strain curve for the symmetric configuration and anti-symmetric configuration, respectively. In Fig. 4e , we plot the stiffness ratio as a function of y /L e for the specimens showing multistability. We observed that the deformed kirigami sheet with a coexistence structural configuration have a larger tunability in general. This tunability in stiffness can be explained by the change of elastic energy stored in the metamaterial. When the generated 3D lattice structure is in the symmetric mode, energy stored in the structure includes both out-of-plane bending energy (U b ) and elastic hinge energy (U h ). However, as we trigger the instability by supplying external energy to cross the energy barrier, the hinge energy would be dissipated. Absence of the hinge energy dominates the reduction of strain energy in the material, furthermore, dominates the reduction of stiffness. As a guide to rational design, kirigami sheet deforming in a metastable state with coexisting modes will exhibit a larger tunability.
In summary, we showed that by controlling the slit spacing of the most simple kirigami pattern, linear parallel cuts, we can obtain a variety of multistable kirigami lattice structures which can be used to design architected materials with tunable properties. As an example, we show through simultaneously modifying the symmetry of the underlying lattice, a phase transformation occurs leading to a rapid and reversible modulation of the material stiffness. We construct a quantitative phase diagram with an analytic model to assist the rational selection of geometric parameters to design the multistable kirigami structure. Our results also demonstrated that the proposed design strategy is material independent. Although we focused on kirigami metamaterials at the meso-scale, this design strategy may be extended to different length scales [24] . We anticipate that embedding multistable kirigami into two-dimensional materials would establish a new platform to achieve in situ tunable mechanical, optical, and electrical properties.
